Abstract. We prove rigorously here the selective decay principle for barotropic geophysical flows. In particular we proved that the long time behavior of the solutions after renormalization is the superposition of a shear flow and a Rossby wave, and the role of hyper-viscosity is to enhance the selective decay process and the role of beta plane is to generate Rossby waves.
The purpose of this article is to study the long time behavior of the following freely decaying barotropic quasi-geostrophic equations i.e., we assume the presence of Newtonian viscosity and/or hyper-viscosity. It is apparent that all solutions converge to zero as time approaches infinity. However we would like to study in detail how solutions decay. We are particularly interested in the emergence of large scale structures, an interesting phenomena that frequently occurs in geophysical dynamics.
Numerical investigation of the evolution of coherent structures for freely decaying 2-D Navier-Stokes flows indicated that the enstrophy decay much more rapidly than the energy (see for instance Matthaeus et al 1991 , Montgomery et al 1993 , Holen 1995 , Majda and Holen 1998 . This suggests that one might find a suitable intermediate time scale over which the energy changes slightly so as to be regarded as nearly conserved, while the enstrophy sweeps down much more sharply. This lead physicists to hypothesize the following selection principle to characterize the large time asymptotic states of the flow Physicist's Selective Decay Principle: After a long time, solutions of the quasigeostrophic equations and/or the two-dimensional incompressible Navier-Stokes equations approach those states which minimize the enstrophy for a given energy.
The appeal of such principle is that it reduces the calculation of the asymptotic states of the quasi-geostrophic equations and/or the Navier-Stokes system to a simpler problem in the calculus of variations. However, from the mathematical point of view the selective decay principle stated above is somewhat imprecise; the solution of the quasi-geostrophic equations and/or the Navier-Stokes equations may not approach only a minimizing state, but rather some critical point of the enstrophy. On the other hand, the minimizing state is the only stable state. In any event, we include in the discussion all rather than just the enstrophy minimizers at constant energy.
For conciseness we refer to such a critical point of the enstrophy at constant energy as a selective decay state. We do not know a priori that selective decay states, so defined, are bona fide solutions to or invariant under the underlying equations. At the moment, a selective decay state is just a velocity or vorticity profile satisfying the variational principle. The selective decay hypothesis is that arbitrary initial velocity fields somehow approach the flow configuration of a selective decay state in the long time limit. It is hard to imagine the selective decay principle being valid unless the selective decay states turned out to be invariant under the Navier-Stokes equations and/or the quasi-geostrophic equations. More precisely, we are interested in asking if under time evolution via the quasi-geostrophic equations or the Navier-Stokes equations, a selective decay state continues to minimize the enstrophy at its energy level at later times. Such a property will at least render the Selective Decay Principle meaningful.
If such selective states are invariant under the barotropic quasi-geostrophic dynamics, we then need to check if an arbitrary solution converge to some selective state. This is the key part of the selective decay principle. We also need to explain the numerical fact that all flows converge to the largest coherent structure allowed by the geometry. This is most likely to be explained using a stability argument. We also need to identify the geophysical effects (in our case it is the beta plane and the artificial hyper-viscosity) since we are interested in geophysical applications.
To summaries, we have the following issues • Invariance. This is the one that make the selective decay state meaningful • Convergence. This is needed to justify the the selective decay principle.
• Stability. This is useful in interpreting the numerical results which indicates all flows converge to some ground states. • /3-plane effect, hyper-viscosity effect. This is useful since we would like to identify the geophysical effects. For the case of Navier-Stokes equations (no beta-plane, no hyper-viscosity) the selective decay phenomena were studied by Matthaeus et al 1991 , Montgomery et al 1993 , Holen 1996 , A. Majda and M. Holen 1998 , C. Foias and J-C. Saut 1984 among others.
Next we proceed to compute the selective decay states. The computation is a simple application of the Lagrange multiplier method.
Recall that the enstrophy functional is defined as and the energy functional is defined as
The variational problem we have is to minimize £ with the following three constraints:
1. Incompressibility: 
The derivatives of the quadratic energy and enstrophy functionals are
Hence we end up with a simultaneous system
This implies that stream function -0* for the selective decay state must satisfy
Hence it must be one of the eigenfunctions of the Laplace operator. It is interesting to notice that such eigenvalue-eigenfunction problems also emerge in the classical energy-enstrophy statistical mechanics in predicting the most probable states (see for instance R. Kraichnan and D. Montgomery 1980, A. Majda and M. Holen 1998 among others) .
The eigenfunctions of the Laplacian in the periodic setting can be easily calculated as the generalized Taylor 2. All flows will approach a Taylor vortex of the lowest eigenvalue A = A* permitted by the symmetries if the physicists' selective decay principle is true.
We check the first issue for selective decay states, i.e., the invariance of these states under the barotropic quasi-geostrophic dynamics.
The first thing we notice is that the nonlinear term drops for selective decay states, i.e.,
Hence we end up with a linear equation 
<0
In particular, Jj.' < 0 with equality obtained only for the selective decay states.
It seems worthwhile to point out two simple consequences of this lemma
• Hyper-viscosity enhances selective decay process, • Ekman damping di has no selective decay effect.
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The original proof of the decay of Dirichlet quotient in the presence of hyperviscosity is due to Z.P. Xin (1998) . We present here an alternative proof.
In order to prove the lemma, we recall the well-known optimal (independent of initial data) decay estimates for the energy and enstrophy
We recall the definition of fractional power of the Laplace operator. Let It is easy to derive the dynamic equations for energy and enstrophy:
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We then deduce the equation satisfied by the Dirichlet quotient:
We observe (this is the key part of the proof of this lemma) that
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This completes the proof of the lemma.
With this lemma in hand, we deduce the following 1. ^^ < 0, ^^ = 0 if and only if v = V" 1^ is one of the selective decay states, and A(t) = Aj for all succeeding times. We are now able to prove a weak version of the selective decay theorem. Namely we will prove that there is a time sequence {tj} -> oo such that v{tj) converge to one of the selective decay states. We first notice that we have the following bound on the H 1 norm of the normalized flow:
A(t) >
||(-A-A( t ))»lg =||( _ A _ A(()) -1 g
Ho
This together with the integrability of the function ||(-A -A(£))i7(£)||oimplies that we can take a sequence {tj} such that Next we show that #* is a selective decay state. For this purpose let 0 be a test function (in the doubly periodic case it is any trigonometric polynomial).
We check the divergence free property first
The eigen equation can be checked in a similar fashion
thanks to the integrability of (-A -A(t))v(t) and our choice of the subsequence {tj}.
The mean zero property can be verified easily as
This proves a weak version of the selective decay principle which partially verifies the physicist's version of selective decay. Notice this weak version does not indicate the role of /? plane, nor the connections betwen the limiting behaviors of different sequences. These details are furnished by our main theorem.
In order to prove our theorem we assume Newtonian viscosity for simplicity i.e. To start with, we recall the well-known optimal (initial data dependent!) decay estimates for energy and enstrophy.
Indeed, thanks to the energy equation
we have since A(t) is non-increasing and the limit is A^. This implies \\mh < l|tf(to)||oe-' A ' ( *-to) .
Thus the enstrophy is bounded by
A lower bound on the energy decay rate can be derived as well. In deed, since the Dirichlet quotient is non-increasing we have, thanks to the energy equation,
lj t \Wml + vHt 0 )\\v(t)\\l>0, Vi>io
Hence we have
We may also derive a decay rate for VAT/J. For this purpose we multiply the barotropic quasi-geostrophic equation by -A 2/ 0 and integrate over T 2 . Notice for the nonlinear term we have iy J^A^A^I < IIVVMV^UollA^llo ^cHVVCIIV^Ho'llA 2^ <c||V^||l||AV||l||A 2 V||| <|||AV|| § + c||VV(t)||g||AV»(t)||g < ^||A^|| § + c||VV(to)||^||A^(i 0 )||« e -10^(t -">)
we we employed classical Sobolev imbedding, Agmon inequality, interpolation inequality, Holder inequality and our decay estimates on the energy and enstrophy. Thus we deduce |||VA^|| 2 + H|A^|| 2 < cllV^llSllA^llge-10^-'").
Notice, by interpolation inequality,
Applying a Gronwall type inequality we deduce
This is the decay rate that we will use in the sequel.
In order to carry out our three tasks regarding the normalized stream function it is useful to recall the equation satisfied by the normalized (in if 1 ) stream function ^. It is easy to check that
We notice that the nonlinear effect decays as the time evolves for this normalized problem.
We start the process with the simplest task among the three, namely the decay of higher modes. This is intuitively clear since we anticipate that higher modes decay faster if the nonlinear effect is negligible.
Notice for the nonlinear term we have To summaries, we have established the following 1. Selective decays states are eigenfunctions of the Laplacian. 2. Selective decays states are invariant under the barotropic quasi-geostrophic dynamics. 3. All solutions converge to the superposition of a Rossby wave and a shear flow, both of them consists of selective decay states. 4. Hyper-viscosity enhances the selective decay process. 5. The P plane generates Rossby wave. Thus the only thing left is to study the stability of the ground shell and the instability of higher shells. The stability of the ground shell is a well-known result (see for instance the lecture notes of Majda and Embid, 1995 Thus the limit of the Dirichlet quotient of the solution starting from Wk + SWJ must be something less than Afc since the Dirichlet quotient is non-increasing. This proves the instability of Ek, k > 1. This completes the proof of the theorem.
